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^^ , Abstract. The Riemann-Lebesque Theorem is commonly proved in a few strokes 

Qv^ I using the theory of Lebesque integration. Here, the upper bound 27r|cfc(/)| < 

Skif) — Sk{f) for the Fourier coefficients Ck is proved in terms of majoring and 
i-Q ' minoring Riemann sums Sk{f) and Sf{k), respectively, for Riemann integrable 

fr ■ functions f{x). This proof has been used in a course on methods of applied math- 

yf~. . ematics. 
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O I One of the central theorems in the theory of Fourier series is the Riemann- 

Q^ I Lebesque theorem: if 



X 



?: Ck = ^ r f{x)e''^dx (1) 
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G ' are the Fourier coefficients of an integrable function f{x) on [0, 27r], then 



Ck^O (2) 



as k becomes large. In courses on methods of applied mathematics, one is 
5^ I usually restricted to present the theorem in the context of Riemann integra- 

bility. While intuition makes the result plausible, traditional proofs tend to 
be somewhat involved. 

In the present proof, we exploit the length scale A = ^ introduced on 
[0, 27r] following a choice of A;eN. Put x„ = nX, n = 0,- ■ ■ ,k. Then 

27ick = / /(x)e*^^'dx = S^-^o / /(x)e*^^dx. (3) 
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Focusing on a particular subinterval [x„,x„+i], set x = Xn + ^y, ye[0,2n]. 
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Thus, e*''^ = e*^(''"+2^^) = e*^, and so 

^^^' f{x)e'''dx = A f'^ /(:,„ + ^y)e'ydy (4) 
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Following 'adding and subtraction,' we obtain 
Io''f{xn + ly)dy = J^-[fixn + i;y)-f{xn)]e^ydy + J^\f{x^)e^ydy 

= C[fi^n + i^y)-fM]e'ydy, ^ ' 

since integration of a constant against e*^ over a full period is identically zero. 
Upon taking absolute values, it follows that 



27r|cfc| < S,t — / |[/(x„ + —y) - f{xr,)]\dy. (6) 

ZTT JO ivr 

To finalize, introduce the majoring and minoring Riemann sums 

Skif) = AS„^q/^„, Skif) = AS„^o/^„, (7) 

where /f„ = sup[^^ ,,^^^]/(x) and f^^ = inf[^„,^„^^]/(x). Then 

\[fM + ^y)-f{x^)]\<fL-fL (8) 

on [xn,Xn+i], so that 

2vr|c,| < J^tlHft - /L) = "^fel/) - s,{f). (9) 

Clearly, an assumption of Riemann integrability assures c/j ^ as A; ^ oo. 
This completes the proof. 

Riemann integrability enables the preceeding arguments to be readily 
generalized to the case of an infinite interval, and, similarly, to the case 
of non-integer k. However, in our experience a preferred presentation in an 
introductory course on applied mathematics courses {e.g. [1]) is in the context 
of an interval [0, 27r]. 
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